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Abstract 



We obtain Hamilton equations for the gravitational field and demon- 
strate the conservation of total energy. We derive the Poisson bracket equa- 
tion for a general dynamical variable. 
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1. Lagrange Equations 



The gravitational Lagrangian is given by [1] 



L G = 




dgoo dffoo 
dx l dx m 




Qr ' ,1 is the gravitational field tensor, with non-zero components 




(2) 




(3) 



Field equations were derived in [1] under the assumption that the seven 
potentials = (goo,9ij) are independent. However, Lq does not contain 
the time derivative of goo and, therefore, it cannot be a true dynamical 
variable. In this note, we will eliminate goo from the Lagrangian, in order 
to establish Hamilton equations of motion. This is accomplished via the 
principle of space-time reciprocity. 

According to Einstein, an observer at rest in a gravitational field is equiv- 
alent to an accelerated observer in free space. Moreover, the difference in 
gravitational potential between two points P and P' is equivalent to a rela- 
tive velocity between observers at P and P' [2]. It follows that: 

(a) time intervals measured at P and P' are related by 
At = At'/y/l - v 2 /c 2 (time dilatation); 

(b) distance intervals measured at P and P' are related by 
A^ = Al'^1 — v 2 /c 2 (length contraction). 

The reciprocity in space and time gives way to the equality At Al = At' Al' . 
We state the more general principle as follows: the space-time volume ele- 
ment y/—g d 4 x is not affected by the presence of a gravitational field. 
The array of potentials g^ v always takes the form 
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I 9oo \ 


9ij 

V o 

Setting det g^ v = —g and det gij = —h, we have 

V~9 = Vgoo'Z-h 



(4) 



(5) 



However, by space-time reciprocity, the density i s equal to the asso- 

ciated flat-space density y/—ho. For example, in rectangular coordinates, 
^/— ~g = 1; in spherical coordinates, \J—g = r 2 sinO; etc. Thus, 



-9 



-h = \/—ho 



or 



5oo 



/to 
h 



(6) 
(7) 



This constraint serves to eliminate #oo from the Lagrangian. 

We now derive the corresponding field equations. Since v / — 5 = v 7- ^o 
does not depend upon the gravitational field, its variation is zero 
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-9 9^9 



flU 







(8) 



or 



5oo^ 00 = -9ij6g ij (9) 

This shows that, at any point, 5g 00 is determined by the 5g l K Variation and 
integration by parts yields 



5 J Lc^—g d 4 x = 



+ 



1 



g^a-^DgaSg^V^g^x 



2 J v- O 

The gravitational stress-energy-momentum tensor is 

„4 



(10) 
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and it is understood that goo = ho/h. The contributions of matter and 
electromagnetism are expressed by 



S J L M ^d 4 x = ±/ V^(Vm " ^om)*!^^^ (12) 

where 

T% = JgTo [ P c 2 u^ + F^F™ + \g^F aP F a ^ (13) 

(The factor of ^/goo i n (H) an d (13) is discussed in section 3.) Combining 
(10) and (12), then setting coefficients of 8g l i equal to zero, we arrive at the 
six field equations 



4vrG 







(V=99 lm Q oJ 



-gdx° xv y y ^3 UJ i \f~~9 dx l 



+ v / 5 oo(T/-5jT ( 
T^ v is the total energy tensor 



(14) 



(15) 



Newton's law of gravitation is to be found, as a first approximation, in all 
three diagonal equations. 

Before proceeding to the Hamilton equations, we re-express (14) in La- 
grangian form. Setting C = yj—g L, where 



L = L G + L M 



(16) 



5 J Cd A x = 

f l4 f dC . dC _. n . d/1 dC ... ,1 

= J d x W 500 + W^) mm) + dg- Sg " + Wm) 5{3mj) \ 
= I^ x {(^-^e^) s ^ + {^-^a^) 5 ^} (17) 

However, 5g o = -9oo9 lj ^9ij, therefore 
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5 J Cd A x = 

H- 9 ^" " 8 *a(fi)) + s| " *5(& V s " <18) 

In order to satisfy <5 J C d A x = 0, the coefficients of Sgij must be zero 

\dgoo o(d k goo)J dgij d(d gij) 
These are identical to field equations (14). 

2. Hamilton Equations 

The six independent dynamical variables gij possess conjugate momenta 

^-w-^ wwz * (20) 

Solving for dgij/dx , the Hamiltonian density is 



Ha = ^f^gHc = n^dogij - C G 

8ttG ~-la~-mb_}_ ° 4 Jm „00 „00 a „ a „ / — - /oi\ 

— — 7-9009magib^ 7T —== - — g OigOOOrnQOOy ~ 9 (21J 

c 4 y— 5 327rG 

For simplicity, we now represent matter by the real scalar field 

£m = ^ {sTd^ - m 2 ^) (22) 



with field equations 



8Cm r, OCM „ / OQ N 

<9</> <9(^</> 



or 

1 9 { ^-:„u V d<l> 



The conjugate momentum is 



^ +mV = (24) 



5 



7T 



d^gL M 
d(d cf>) 



9°°doc 



(25) 



and Hamiltonian density 



' ' V m ^«-™ 2 #W=0 (26) 



:5oovrvr- 



2~™~~y/=g 2 
Consider the variation of the spatial integral of H = Hg + %: 



S J Hd 3 x 



on 



Joo 



<5#00 + 



dn 



on 



on 



+—8(f) + 



d(d k g o) 
d7i 



${d k goo) + ~ — Sgij + — jjSir 1 ^ 



dg 



ij 



deb 



I 



d 3 x 



d(d k </)] 

on 



an 



4 



on 



00 



(dn_ a dn 



d(d k g 00 )J dg 
+ — dir 

OTT 



'J 



on . , 

Sga + ~7{ — —Stt 
3 dirv 



(27) 



Setting (27) aside for the moment, the definition of H provides the variation 

5 jnd 3 x = 5 J d 3 x {TT ij d ogij + vr a o - £} 

= J d 3 x^5ir ij d g ij + -K ij 5{d ogij ) + Sir d <p + tt 5(d <p) 



dC 

dgoo 
dC^ 



$goo 



dC 



-5{d k goo) 



dC 

dg 



d(d k g o) 
dC dC 



913 d(d 09ij ) 



5{dogij) 



d<f> T d(d k <py y ~ K ^ J d{d <t>) 

Cancel terms in (28), then integrate by parts, to find 



(28) 



>J nd 3 x = 



6 



" t — -d k 



'oo 



dC \ _ dC_ 

d(d k g 00 ) J dg^ 



dgij + dogijfa 13 



Finally, substitute the field equations (19) and (23) 



(29) 



5 Jnd 3 x = J d 3 x {-doTr ij 5 gij + d ogij STr ij - d Tr 5(f> + d (f> (5tt} (30) 
The Hamilton equations follow by equating coefficients in (27) and (30): 



dx° 


= -gmg l] ( 


' &n 

,dg o 


dgij 


on 




dx° 






dn 


= Oh 

on 


on 


~dx^ 
d<f) 


d(d k <t>) 


dx^ 







dn \ m 



~> l 3 



o,,. .,::" , ) ^ (31) 

(32) 
(33) 
(34) 

3. Conservation of Energy 

Let us calculate the rate of change of the time-dependent quantity 

H(x°) = Jnd 3 x (35) 
where H is the total Hamiltonian density: 



dx° dx° 



, i dn _ m _ , dn n dn . ti 

drx\ - — Sos-oo + a , a : ^ do{d k goo) + -^^Oo&j + Q-jjdoTr j 



+- 



%)0 

aw 



9(9fc5oo) 



^ + a/ a i\ do{d k 4>) + ^-9 vr 
<9(5 fc< />) <9vr 



9009 \dgoo k d{d k goo)J dg 



dn 

dogij + -E^d TT lJ 



dirv 



v (dM_ dn 

+ \d<\> k d{d k <p) 



do<t>+ -^-d ir 
dn 



(36) 
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We have made use of 



?oo 



ac „ - (37) 

Here, the volume must be large enough that surface integrals may be ne- 
glected. Substitute the Hamilton equations, in order to obtain 



dH(x 
dx° 



d 3 x \-doit lj dogij + d gijd ir lj - Oqtt d (f) + d 4>d ir} 
= (38) 



Therefore, the integral quantity H(x°) is conserved, if the field equations 
are satisfied. 

The differential law of energy-momentum conservation is [1] 



divT, 



1 



g dx v 



(39) 



Q^ x are the connection coefficients of the theory 

(The gravitational field is Q[„x] = Qv\ ~ Q\v) Energy conservation is given 
by 



(40) 



diviy 



1 dy/=gT " x 



-g dx v 



i d^T ° , i d^T 



-g dx° 



+ 



-g dx k 



QW-Q° 0k T k = 0(41) 



where 



"^oo dx° 
2 y dx k ~ "y 7 ^ dx k 



n o _ 1 oo^5oo 
n o _ 1 oo%)o 

VOfc — 7,9 



(42) 
(43) 



Coefficients Q J 00 and QL are identically zero. It follows that 
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or 



-hT k 



dx® dx k (45) 

On the other hand, the quantity of energy in an infinitesimal region, 
dVo = d?x, is given by the first term in the expansion 



00 



Ofc 



f0 



-g dV + e T 
^dVo + eiT 



4k 



-gdV k 
^dVk 



(46) 



The scalar basis is a function, eo = y/goo, and this is crucial. It allows us to 
consider the rate of change of the energy integral 



_d_ 

dx~° 



d 
d^ 



hT °d 3 x 



9x0 a x 



(47) 



This gives zero upon integration of (45) over a sufficiently large volume. It 
follows that if (38) is to represent conservation of total energy, then the 
integrands in (35) and (47) must be identical 



(48) 



or 



T n ° = JgmH 



L o — Vi/oo ^ (49) 
The gravitational Hamiltonian (21) may be evaluated in terms of the field 



Qt 



A] 



T ° G = V^H G = ^-^{gWQ^Q™ - g lm Q° ol Q° 0m } (50) 



which implies 



Wo {ir^QfaQU l^g^Q^QU } (51) 

In similar fashion, the Hamiltonian (26) gives rise to a factor of y/goo in the 



rpfJLV L 



matter tensor T^. 
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4. The Poisson Bracket Equation 



This section is of a purely formal nature, in which we consider general 
dynamical variables, IA = y/—g U, that are functionals of the fields, their 
spatial derivatives, the momenta, their spatial derivatives, and the time: 



dx» ~dx^J UdX 



3 / du du du 

[dg 00 d(d k g o) dg i3 



113 

+ ^ + m*)* ^® + ^ 07r + ^o a ° (9fc7r) + a?) (52) 

Define the functional derivatives 



SU ti ( dU . dU \ ( dU . » \ , ro , 

-^M — -*a^J + l^-*a(^)] (53) 



dftj VC500 

« «< a * (54) 



Sir* dir l i d{d k ^) 

SU dU 3U 

— = 9U 8 — (56) 

Stt dn k d(dkTr) 

In terms of these derivatives, the Hamilton equations (31 - 34) become 



dx° 


SH 

Sgij 


(57) 


dgij 
dx° 


SH 

Snv 


(58) 


dir 
~dx° 


5H 


(59) 


dcf) 
dx^ 


sn 

Sir 


(60) 
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Integrate (52) by parts and neglect surface terms, in order to obtain the 
Poisson bracket equation 

du{x°) _ r d s x (f su 5H su_m\ (su_m_ su_m\ m \ 

(61) 

Energy conservation (38) is a special case of (61), in which 7i is a functional 
of the fields and momenta but is not an explicit function of the time. 
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